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Abstract
It has been widely believed that half quantum vortices are indispensable to realize topological stable Majorana zero modes and
non-Abelian anyons in spinful superconductors/superfluids. Contrary to this wisdom, we here demonstrate that integer quantum
vortices in spinful superconductors can host topologically stable Majorana zero modes because of the mirror symmetry. The
symmetry protected Majorana fermions may exhibit non-Abelian anyon braiding.
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1. Introduction
Unconventional superconductors/superfluids often support
gapless states on the boundaries. These states are called the
Andreev bound states, which give unique transport phenomena
through the surface [1]. While their properties had been stud-
ied traditionally by solving the Bogoliubov de-Gennes equation
for each unconventional superconductor/superfluid, a recent
progress on condensed matter physics reveals that a non-trivial
topology of the ground state is a profound origin of the sur-
face gapless states. The view point of topological superconduc-
tors/superfluids gives us a universal description of the Andreev
bound states as topologically protected states [1, 2, 3, 4, 5].
Remarkably, the topological protected surface states can be
Majorana fermions in topological superconductors/superfluids
[6, 7]. A Majorana fermion is a Dirac fermion with the self-
conjugate condition. For instance, in a vortex core of a spinless
p+ ip superconductor, there is a Majorana zero-energy mode γ0
satisfying γ†0 = γ0 [6]. This exotic excitation changes the statis-
tics of the vortices drastically. Indeed, a vortex with a Majorana
zero mode obeys the non-Abelian anyon statistics: the braiding
of vortices with Majorana zero modes gives rise to the super-
position of the degenerate many-body ground states. Owing to
this entangled character, non-Abelian anyons can be utilized for
the construction of fault-tolerant quantum computers [8].
In addition to the spinless p + ip superconductor, an s-
wave superconductor can support the non-Abelian anyon if
the spin-orbit interaction is taken into account. This possibil-
ity was first considered in the context of high energy physics
[9], but the solid state realization was given in a surface of
a topological insulator [10]. Also, a simpler scheme using
the Rashba spin-orbit interaction and the Zeeman field has
been shown to support Majorana fermions [11, 12, 13]. The
essence of these schemes is an effective realization of spin-
less systems: In both cases, the spin and the momentum of
the normal state is locked by the spin-orbit interaction, and
thus a spinless superconductor is realized effectively. The lat-
ter scheme has been generalized to one-dimensional nanowire
systems [14, 15, 16, 17, 18, 19, 20].
In contrast to spinless superconductors, non-Abelian anyons
in spinful superconductor have been rarely discussed. An ex-
ception is a half quantum vortex in a spinful chiral p+ ip super-
conductor [21, 22], but the configuration is rather unstable [23],
and its realization is a hard task. Note that statistics of vortices
having multiple Majorana fermions has also been discussed in
Refs. [24, 25].
In this paper, we address the problem of non-Abelian anyons
in spinful superconductor/superfluids. We present a general
argument that an integer quantum vortex of a spinful super-
conductor/superfluid can support topologically stable Majorana
fermions if the mirror symmetry is preserved. As a concrete ex-
ample, we show that there exists a pair of Majorana zero modes
in an integer quantum vortex of two dimensional 3He-A phase
under a perpendicular magnetic field. From the Majorana zero
modes protected by the mirror symmetry, the integer quantum
vortex obeys the non-Abelian anyon statistics. We also discuss
briefly Majorana fermions in other spinful unconventional su-
perconductors/superfluids.
2. Mirror Topological Phase in Spinful Superconduc-
tors/Superfluids
We begin by discussing the topological property of a thin
film of chiral p-wave superconductors/superfluids. For sim-
plicity, we ignore the thickness of the film, and treat the film
as a purely two-dimensional system. The topological property
can be captured by the two dimensional Bogoliubov de-Gennes
(BdG) Hamiltonian in the momentum space k = (kx, ky),
H(k) =
(
ǫ(k) ∆(k)
∆†(k) −ǫt(−k)
)
, (1)
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where ǫ(k) is the single-particle Hamiltonian given by
ǫ(k) = 1
2m
k2 − µ − hµσµ, (2)
with the Zeeman field hµ and the Pauli matrices σµ, and ∆(k) =
id(k) · σσy is the gap function. The d-vector d(k) of a chiral
p-wave superconductor/superfluid is given by
dµ(k) = Rµ3(∆x ˆkx + i∆y ˆky), (3)
where Rµν is an SO(3) rotation matrix in the spin space.
As a time-reversal breaking gapped system, the above sys-
tem is topologically characterized by the Chern number νCh like
a quantum Hall state: From the negative energy states |un(k)〉
(n = 1, 2) of the BdG Hamiltonian Eq.(13), the gauge field
Ai(k) in the momentum space can be introduced as
Ai(k) = i
∑
n=1,2
〈un(k)|∂kiun(k)〉, (4)
then the Chern number is defined as
νCh =
1
2π
∫
dkxdky[∂kx Ay(k) − ∂ky Ax(k)]. (5)
Taking into account the spin degrees of freedom, one can show
that |νCh| = 2 for the two dimensional spinful chiral p-wave
superconductor/superfluid.
Since νCh is an even number, the system hosts a pair of gap-
less fermions at boundaries. In addition, the superconductiv-
ity/superfluidity implies that the gapless states should be Ma-
jorana fermions. Nevertheless, the doubling of the Majorana
fermion obscures the Majorana character. Indeed, a pair of Ma-
jorana fermions can be combined into a single Dirac fermion,
and thus the physics of the topological phase can be described
without using Majorana fermions explicitly.
The doubling problem can be avoided if one consider a spe-
cial vortex configuration called half quantum vortex. In this
configuration, a spinless vortex supporting a single Majorana
fermion is realized effectively. As a result, the Majorana char-
acter survives. In particular, a half quantum vortex obeys the
non-Abelian anyon statistics, where degenerate quantum states
can be manipulated by exchange of the vortices [21]. The ex-
otic non-Abelian anyon statistics is of particular interest in the
context of realization of topological quantum computation.
While the Majorana character can be sustained in a half quan-
tum vortex, the realization of a half quantum vortex in an actual
system is not obvious. Because of twisting in the spin space,
there is an attractive force between half quantum vortices. This
makes a half quantum vortex unstable. Indeed, due to the at-
tractive force, a pair of half quantum vortices easily collapse
into a single integer quantum vortex.
In the following, we discuss another way to circumvent the
doubling problem. Our idea is to use symmetry of the system to
keep the Majorana character. This idea is somehow similar to
that of time-reversal invariant topological superconductors. In a
time-reversal invariant superconductor, Majorana fermions ap-
pear in a pair, but because of the time-reversal invariance, they
form a Kramers pair that are not scattered by each other. As
a result, each Majorana fermion can behave independently like
a single Majorana, and thus it can maintain most of the Majo-
rana character including the non-Abelian nature [26]. While the
same argument cannot apply in our case since the vortex config-
uration breaks the time-reversal invariance, we can alternatively
use the mirror reflection symmetry with respect to the xy-plane
to sustain the Majorana character, following a recent idea of
symmetry protected Majorana fermions [27, 28, 29, 30, 31].
The mirror reflection with respect to the xy-plane is defined
as the following transformation of the momentum and the spin
variables
kx → kx, ky → ky, kz → −kz,
σx → −σx, σy → −σy, σz → σz. (6)
In two dimensions, only the spin variables transforms under the
mirror reflection since the system does not depend on kz. The
mirror reflection operator in the spin space Mxy is simply given
by Mxy = iσz.
In the particle-hole space in the BdG Hamiltonian (13), the
mirror operator is naturally extended as
˜Mxy = e
iφ
(
eiθMxy 0
0 e−iθM∗xy
)
, (7)
by taking into account the U(1) gauge symmetry eiθ and the
overall phase ambiguity eiφ. The BdG Hamiltonian Eq.(1) is in-
variant under the mirror reflection, i.e. ˜MxyH(k) ˜M†xy = H(k),
if the following relations hold,
Mxyǫ(k)M†xy = ǫ(k), ei2θMxy∆(k)Mtxy = ∆(k), (8)
From M2xy = −1, the latter equation in Eq.(8) yields e4iθ =
1. Therefore, the BdG Hamiltonian (13) is invariant under the
mirror reflection only when ∆(k) has a definite parity under the
mirror reflection as
Mxy∆(k)Mtxy = ±∆(k). (9)
Corresponding to the two possible parity of Eq.(9), we have two
possible mirror operators ˜M±xy
˜M±xy =
(
Mxy 0
0 ±M∗xy
)
, (10)
where the overall phase eiφ is chosen so as to be ˜M±2xy = −1.
For example, an s-wave gap function, ˆ∆(k) = iψσy, has even
mirror parity as Mxy∆(k)Mtxy = ∆(k), thus the extended mirror
operator is ˜M+xy For a two dimensional spin-triplet gap function,
the mirror symmetry is preserved either when the d-vector is
parallel to the z-direction or when the d-vector is normal to the
z-direction. The gap function in the former case has even mirror
parity, while the gap function in the latter has odd mirror parity.
Therefore, the extended mirror operator is given as ˜M+xy in the
former case, but it is ˜M−xy in the latter.
When the BdG Hamiltonian keeps the mirror reflection sym-
metry, one can introduce a novel topological number called mir-
ror Chern number: Since the mirror invariant BdG Hamiltonian
commutes with the mirror operator, it can be block diagonal by
2
using the eigen values of the mirror operator. For each subsec-
tor which has a definite eigenvalue of ˜Mxy, the gauge field Aλi
in the momentum space is defined as
Aλi (k) = i
∑
n
〈un,λ(k)|∂kiun,λ(k)〉, (11)
where the summation is taken for occupied states |un,λ(k)〉 of the
BdG Hamiltonian with the eigenvalue λ = ±i of ˜Mxy. Then, the
mirror Chern number ν(λ) is given by
ν(λ) = 1
2π
∫
dkxdkyF λ, (12)
where F λ = ∂kxAy − ∂kyAx is the field strength of Aλi . When
the mirror Chern number is nonzero, we have topologically pro-
tected gapless edge states in a manner similar to topological
crystalline insulators [32, 33].
Here we should emphasize that the corresponding gapless
edge states can be Majorana only for ˜M−xy while the mirror
Chern number can be defined for both of the two possible mirror
symmetriesM±xy [29]. This is because only the mirror subsector
for ˜M−xy supports its own the particle-hole symmetry. In con-
trast, for ˜M+xy, the mirror subsector does not keep the particle-
hole symmetry while the whole system does. From this differ-
ence, we find that the former case has a different topological
characterization than that of the latter. In terms of the topo-
logical table [34, 35], the mirror subsector for ˜M−xy belongs to
class D like a spinless chiral superconductors, while the mir-
ror subsector for ˜M+xy belongs to class A like a quantum Hall
state. This means that the mirror symmetry protected Majorana
fermions are possible only for the former case. In the latter
case, only Dirac fermions can be obtained.
For M−xy, we also find that a conventional integer quantum
vortex can support a Majorana zero mode if the mirror Chern
number is odd. Because the spin degrees of freedom in each
mirror subsector is locked as an eigenstate of the mirror oper-
ator, the mirror subsectors realize spinless systems effectively.
This means that an integer quantum vortex can support Majo-
rana zero mode as is the case of spinless chiral p-wave super-
conductors.
For the two dimensional 3He-A phase, by applying the Zee-
man magnetic field in the z-direction, we can align the d-vector
normal to the z-direction. Under this situation, the gap function
is odd under the mirror reflection, and thus the BdG Hamilto-
nian has the mirror symmetry ˜M−xy. It is also found that the mir-
ror Chern number of the 3He-A phase is odd. Thus the above
argument implies that an integer vortex supports a Majorana
zero mode in each mirror subsector. This result will be con-
firmed numerically in Sec.3
3. Application to 3He-A phase
In this section, we clarify low-lying quasiparticles in an in-
teger quantum vortex state of 3He-A under a magnetic field.
Quasiparticles with the wave function ϕ= (un,↑, un,↓, vn,↑, vn,↓)T
and the energy En is described by the BdG equation [36, 37, 22],∫
dr2
(
ǫ(r1, r2) ∆(r1, r2)
−∆†(r1, r2) −ǫ(r1, r2)
)
ϕn(r2) = Enϕn(r1). (13)
Here, the single-particle Hamiltonian ǫ(r1, r2) is given by re-
placing k in Eq. (2) to −i∇.
The pair potential for an axisymmetric vortex state of the su-
perfluid 3He-A is expressed in terms of the d-vector as ∆(k, r) =
iσµσydµ(k, r) ≡
∫
dr12∆(r1, r2)eik·r12 , where we introduce the
relative and center-of-mass coordinates, r12 = r1 − r2 and
r = (r1 + r2)/2. The d-vector for an integer vortex state with
a winding number w ∈ Z is given in the cylindrical coordinate
r= (ρ, θ, z) as
dµ(k, r) = eiwθRµ3(∆x(ρ)ˆkx + i∆y(ρ)ˆky). (14)
Within the order parameter ansatz having an axisymmetric and
straight vortex line described in Eq. (14), the quasiparticle wave
function ϕn(r) is expressed in terms of the eigenstates of the
angular momentum ℓ and axial momentum q,
un,σ(r) = eiℓθeiqzu(σ)n,ℓ,q(ρ), (15)
vn,σ(r) = ei(ℓ−w−1)θeiqzv(σ)n,ℓ,q(ρ), (16)
where ℓ∈Z and σ=↑, ↓.
Note that the BdG equation (13) holds the particle-hole
symmetry. Within the ansatz in Eq. (14), the positive en-
ergy eigenstates of Eq. (13) with ϕn,ℓ,q(ρ) and En,ℓ,q correspond
to the negative energy eigenstates with τxϕ∗n,−ℓ+w+1,−q(ρ) and
−En,−ℓ+w+1,−q. Here, τµ denotes the Pauli matrix in the particle-
hole space. Hence, the particle-hole symmetry gives the con-
dition on zero energy solutions that a pair of zero energy so-
lutions may exist at ℓ = (w + 1)/2 when the vortex winding
number w is odd. The wave function must satisfy the relation,
u
(σ)
n,ℓ,q(ρ)= v(σ)
∗
n,ℓ,−q(ρ), implying that the zero energy quasiparticle
is composed of the equivalent contribution from the particle and
hole components.
To numerically solve the BdG equation (13) under the ansatz
in Eq. (14), the quasiparticle wave functionϕn,ℓ,q(ρ) is expanded
with the orthonormal functions associated with the Bessel func-
tion [38, 39]. The Bessel function expansion imposes the rigid
boundary condition on the wave function, ϕn,ℓ,q(ρ=R)=0 with
the radius of the system R. Therefore, low-lying quasiparticles
bound at the circumference (edge) of the cylinder may exist in
addition to core-bound states [36, 37, 40, 41, 42, 43, 44, 45].
In our numerical calculation, we set R=10ξ and µ=EF, where
ξ = vF/∆0 and EF denote the coherence length and the Fermi
energy, respectively.
Figure 1 shows the quasiparticle energy spectra with respect
to the azimuthal quantum number ℓ in the integer vortex state,
where the energy eigenstates with only q = 0 are displayed.
Throughout this section, we fix the vortex winding number to
be w = −1, implying that the vorticity is anti-parallel to the
chirality of Cooper pairs. The magnetic field is applied along
the vortex line, that is, the zˆ-axis, h= (0, 0, h), where h=0.1∆0
is fixed. We here introduce the relative angle θd between the
applied magnetic field h ‖ zˆ and the orientation of the d-vector,
which is associated with the SO(3) matrix Rµ3 in Eq. (14).
The quasiparticle spectrum for θd = π/2, which corresponds
to the situation of h ‖ zˆ ⊥ d, is displayed in Fig. 1(a). The
low-lying spectrum is composed of the edge- and core-bound
states, where the former gives rise to the spontaneous mass flow
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Figure 1: Quasiparticle energy spectra with q = 0 for the integer vortex state:
θd =π/2 (a) and π/5 (b). The magnetic Zeeman field is applied along the zˆ-axis,
where h=0.1∆0 .
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Figure 2: Local density of states N(ρ, E) at the core ρ=0 of the integer vortex
state for various θd’s, where h=0.1∆0 .
around the circumference of the cylinder [36, 37, 41, 42, 44,
45]. For this configuration of the d-vector, the BdG equation
is block-diagonalized into up- and down-spin sectors. Hence,
regardless of the Zeeman field, the dispersion of edge- and core-
bound states with q=0 is given as [37, 46]
Eℓ,q=0 = −
(
ℓ −
w + 1
2
)
ω0, (17)
where ω0=∆0/kFR for the edge-bound states and ω0=w∆0/E2F
for the core-bound states. Four zero energy states appear at ℓ=0
for the w = −1 vortex, which have a flat band dispersion with
E = 0 along the axial momentum q: Two zero energy states are
localized in the vortex core, and the other two are localized on
the boundary. For dz,0, the zero energy states originating from
different spin sectors hybridize, which split into finite energies.
The quasiparticle spectrum for θd=π/5 is displayed in Fig. 1(b),
where the effect of the Zeeman field splits the branches of both
the edge- and core-bound states.
In Fig. 2, we display the local density of states N(ρ, E) at the
core of the integer vortex state, which is defined as
N(ρ, E) =
∑
ν,σ
[∣∣∣u(σ)ν (r)∣∣∣ δ(E − Eν) + ∣∣∣v(σ)ν (r)∣∣∣ δ(E + Eν)] , (18)
where ν denotes the set of quantum numbers (n, ℓ, q). The den-
sity of states at the core has the sharp zero energy peak when
d ⊥ h. As θd is deviated from π/2, however, the Zeeman
field splits the zero energy peak and no Majorana fermions ex-
ist. These results are consistent with the topological argument
based on the mirror symmetry.
Before closing this section, we mention the thermodynami-
cally stable configuration of the d-vector in 3He-A confined to
a thin film under a Zeeman field. For the integer vortex state,
the tilting angle θd of the d-vector from the zˆ-axis is determined
as a consequence of the competition between the Zeeman and
dipole energies [22]. The relative angle of the d-vector from h
is then given by
θd − θh =
1
2
tan−1
[
sin 2θh
(hd/h)2 − cos 2θh
]
−
π
2
, (19)
where the dipole magnetic field is hd ∼ 2mT and we introduce
the angle of the applied field θh as h · zˆ=h cos θh. Equation (19)
tells that in the limit of h≫hd, one finds θd − θh =±π/2 which
implies that the d-vector is locked in to the plane perpendicular
to the applied field h⊥ d. In the opposite limit where h≪ hd,
the d-vector is polarized to the zˆ-axis. For instance, Eq. (19)
reduces to θd = 12 tan
−1(h2/h2d) − π/4 for θh=π/4, implying that
the increase of the Zeeman field h rotates the d-vector relative
to h.
4. Non-Abelian Braiding of Integer Quantum Vortices
In the previous sections, we found that an integer quan-
tum vortex may support a pair of Majorana zero modes in the
core. Now consider physical consequences of the Majorana
zero modes.
An immediate consequence of the Majorana zero modes is
the non-Abelian statistics. This is easily understood if we con-
sider the system as a set of mirror subsectors. As was shown in
the previous section, each mirror subsector effectively realizes
a spinless system that supports a single Majorana zero mode
in a vortex. Therefore, the integer vortices in each mirror sub-
sector obey the non-Abelian anyon statistics like vortices in a
spinless chiral superconductor. Here note that no interference
between the mirror subsectors occurs during a vortex exchange
process since this process does not break the mirror symmetry.
Therefore, even when we put the mirror subsectors together and
consider the whole of the system, the integer quantum vortices
remain to obey the non-Abelian anyon statistics.
Now we show the non-Abelian anyon statistics more con-
cretely. Consider 2N integer quantum vortices. For the i-th
integer quantum vortex, we have two Majorana zero modes
γλi corresponding to two possible eigenvalues λ = ±i of the
mirror operator. The Majorana zero modes satisfy the self-
conjugate condition (γλi )† = γλi and the anticommutation re-
lation {γλi , γ
λ′
j } = 2δi jδλλ′ . In a manner similar to vortices in
a spinless chiral superconductor [21], when the i-th vortex and
the i + 1 vortex are exchanged, the zero modes behave as
γλi → γ
λ
i+1, γ
λ
i+1 → −γ
λ
i . (20)
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The above transformation is realized by the unitary operator,
τi = exp
π4
∑
λ
γλi+1γ
λ
i
 = 12
∏
λ
(1 + γλi+1γλi ), (21)
which leads
τiγ
λ
i τ
−1
i = γ
λ
i+1, τiγ
λ
i+1τ
−1
i = −γ
λ
i ,
τiγ
λ
kτ
−1
i = γk (k , i, i + 1). (22)
One can easily find that the exchange operators τi and τ j do not
commute with each other when |i − j| = 1. This implies the
non-Abelian anyon statistics of the integer quantum vortices.
On the contrary to a half quantum vortex, one can introduce
a Dirac operator localized on an integer quantum vortex in our
system. Indeed, since the integer quantum vortex supports a
pair of Majorana zero modes, a Dirac operator ψi localized in
the i-th vortex is defined as
ψi =
1
2
(γλ=ii + iγλ=−ii ), (23)
which satisfies {ψ†i , ψ j} = δi j. As was discussed in Refs. [24,
25], the Dirac operators give another expression of the non-
Abelian exchange operator τi as
τi = 1 + ψi+1ψ†i + ψ
†
i+1ψi − ψ
†
i ψi − ψ
†
i+1ψi+1 + 2ψ
†
i+1ψi+1ψ
†
i ψi.
(24)
The above expression implies that the vortex exchange pro-
cess preserves the fermion number Nf =
∑
i ψ
†
i ψi. We find that
the conservation of the fermion number gives alternative and
simple interpretation of the non-Abelian anyon statistics for in-
teger quantum vortices: For the Fock vacuum |0〉 of the Dirac
operators, a vortex i with the Dirac zero mode, ψ†i |0〉 ≡ |1〉,
has non zero fermion number while a vortex i without the
Dirac zero mode, |0〉 does not. This means that we can dis-
tinguish these two vortex states, |1〉 and |0〉, by the fermion
number. Considering them as different particles, we have the
non-Abelian anyon statistics naturally. For example, let us con-
sider a four vortex state |1100〉 where the first and the second
vortices are accompanied by the Dirac zero modes, while the
third and the fourth are not. Up to a phase factor, this state
changes under τ1 and τ2 as
|1100〉 τ1→ |1100〉 τ2→ |1010〉, (25)
while it changes under τ2 and τ1 as
|1100〉 τ2→ |1010〉 τ1→ |0110〉. (26)
Since |1〉 and |0〉 can be considered as different particles, these
final states are different from each other. Therefore, we have
τ2τ1 , τ1τ2 naturally.
In real systems, the mirror symmetry is easily broken locally
by disorders or ripples. However, recent studies have suggested
that the symmetry protection is rather robust if the symmetry
is preserved macroscopically [47, 48, 49, 50]. Indeed, we can
argue that the non-Abelian anyon statistics persists if the local
breaking is weak and the mirror symmetry is preserved on av-
erage: Although the local breaking effects may lift locally the
degeneracy between two possible vortex states |0〉 and |1〉, the
degeneracy is recovered on average. More importantly, because
the fermion parity is preserved in a superconductor/superfluid,
no transition between |0〉 and |1〉 occurs unless a bulk quasipar-
ticle is excited or cores of vortices are overlapped. Therefore,
the above argument of the non-Abelian anyon braiding works
as far as the mirror symmetry is preserved on average.
5. Summary
In this paper, we gave argued how integer quantum vortices
in spinful superconductors support Majorana zero modes due
to the mirror symmetry. As a concrete example, we have calcu-
lated quasiparticle states localized on an integer quantum vortex
for a two dimensional 3He-A phase, and have found that a pair
of Majorana zero modes exist when the d-vector is parallel to
the two dimensional surface. Due to the Majorana zero modes,
the integer quantum vortices obey the non-Abelian anyon statis-
tics.
The arguments given in this paper is applicable to many un-
conventional superconductors/superfluids such as 3He-B phase,
CuxBiSe3, Sr2RuO4, UPt3, and so on. In particular, even if the
gap function preserves the time-reversal invariance, the mirror
Chern number can be nonzero. Actually, the above unconven-
tional superconductors/superfluids have non-zero mirror Chern
numbers, and thus they support Majorana fermions protected
by the mirror symmetry. We will report these results elsewhere.
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